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1 Introduction 



Planar functions belong to the larger class of highly nonlinear functions which 
are of use in classical cryptographic systems, quantum cryptographic systems 
00 ' [Uli wireless communication signals [12], coding theory [15] as weh as being 

CsJ , of theoretical interest |7] j^. 

' Let ¥pr be a field of characteristic p. A function / : ¥pr — > Fpr is called a 

, planar function if for every a G F*,. the function Af^a ■ x i— > f{x + a) — f{x) 

■ is a bijection. 

Recent and extensive lists of planar functions can be found in [T51H] . 
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The main result of this paper is two new planar functions. 



Theorem 1 Let g{x),h{x) g Fp2r[x], with g{x) ~ andh{x) = x^ +^ where 
< i < k < 2r. If h{x) is planar over ¥p2r then 



(1) hi^) 



g{x) + {g{x)Y +h{x) 



iHx)f 



and 



(2) f2{x) 



h{x) + {h{x)Y^ + g{x) 



are planar functions. Furthermore, fi{x) and f2{x) are not CCZ- equivalent. 

The planar functions of Theorem [T] belong to a more general class which 
also contains a recently published family of planar functions by Bierbraucr. 
Section 2 contains this general construction. Section 3 provides the proof of 
Theorem 1, showing that the families /i and /2 are noncquivalent planar 
functions. In section 4 it is demonstrated that the families /i and /2 are new, 
with nonequivalence to all know planar functions demonstrated. Section 5 
contains some nonexistence results when searching for more planar functions 
that meet the general construction of section 2. 



2 General construction 

There are 14 known distinct families of planar functions. A look at a recent list 
of planar functions [1] shows no obvious pattern. Computational searches can 
discover new planar functions [TB], but algebraic work is required to signifi- 
cantly deepen our understanding. A computational search for planar functions 
was performed on small fields. Several new functions were found that fit the 
shape of Theorem [2l leading this general result. 

Theorem 2 Letp he an odd prime and let g[x) and h(x) be functions on¥p2r. 
Let 



then f{x) is a planar function if and only if for any x G Fp2r and a, 6 G F* 



implies that a,b{x) ^ F^r. 

Observation 3 f{x) is planar if and only if 

= Af^a[x + b) — Af_a{x) ^ Q for aU 2;, a, & g Fp2r , with a,b ^ 0. 



fix) = g{x) + {g{x)Y + h[x) - {h{x)} 



(1) 
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Proof Since ¥pr is a subfield of Fp2r, the trace function 
Tr{x) = Tr^^.^/F^, (x) = x + x^^ 
can be used in rewriting f{x): 

f{x)^Tr{g{x)) + h{x)^{h{x)r\ 
Then, from Observation [31 f{x) is planar if and only if 

for all X € Vp2r and a,b e F*2r- 

Now assume that A^f = 0. Then 

Tr + Aa.^M - {Aa,.MY^ =0 (2) 

=^ (Tr{AA,^^A^))+AA,^^A^)~{AA,^^,b{x)fy =0 (3) 
Tr + (Zi4,,„,6(a;))'''^ - Aa,,M =0. (4) 

By adding Equations ([2]) and Q it follows that Aaj, ^,6 = if and only if 

Tr{AA^,^Ax)) =0 and (5) 

AA,,^A^)-{AA,,Mf ^0- (6) 

Thus f{x) is planar if and only if for any x G ¥p2r and a, 6 G F*2r either 
Equation (O or Equation does not hold. Note that Equation ^ holds 
exactly when AA,^ ,^,bix) S Fpr C Fp2r. Hence, f{x) is planar if and only if for 
any x G ¥p2r and a,b € F*2r 

Tr{AA,,^A^))=0 
implies that Aa^ a-bi^) ^ Fpr. 

Theorem [5] has established necessary and sufficient conditions for the seed 
functions g{x)^ h{x) to form a planar function using Equation ([Ij. There is a 
family of planar functions already known that fits the shape of Theorem [21 

Theorem 4 Thm 1] Let g{x) = \x'^ and 

h{x) = i + i ^(_i)^-+^-^(i+p=)p^^+^ (7) 

1=0 j=0 

T/ien f/ie function f{x) defined in Theorem\^is a planar function on Fp2(2fc+i) 
for k > 0. 
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Some new functions meeting the conditions are presented in Theorem [T] and 
proved in the next section. 

A polynomial f{x) G Fpr[a;] is a Dembowski-Ostrom polynomial j9j if its 
reduced form has the shape 

/(x) = ^ a,a;^'*+^\ (8) 

Any polynomial f{x) G Fpr[a;] may be reduced modulo — x, which yields a 
polynomial of degree less than that induces the same function on Fpr [3] . All 
but one known family of planar functions are DO polynomials |18j . Note that 
the seed functions, and hence the planar function in Theorem H] are all DO 
polynomials. Henceforth focus is on seed functions which are DO polynomials. 

Notions of equivalence of polynomials are of importance in applications [6] . 
Planar polynomials U and U' with 

n' = {LionoL2){x) + Lz{x) 

are said to be EA-equivalent if Li{x), L2{x), L3{x) are affine functions and 
Li{x), L2{x) are bijections |17| : and linear equivalent if Li{x), L2{x), L3{x) 
are linear functions and Li{x), L2{x) are bijections. CCZ equivalence [5] is of 
interest in cryptographic applications. For planar Dembowski-Ostrom polyno- 
mials CCZ, EA and linear equivalence are equivalent [5]. 
Let 

Df{x, a) = f{x + a) - f{x) - /(a), 

this is an alternate difference function to A which is used to define planar 
functions Df{x,a) is more closely related to the scmifield properties of 
planar functions. Another useful property of D is that for Dembowski-Ostrom 
polynomials 

'^Af^^.bix) = Df{a,b). 

Observation 5 Let f{x) he a DO polynomial on Fpr. Then f{x) is planar if 
and only if Df{x,y) ^ for all x,y € F*r. 

Theorem 6 Let p be an odd prime and let 

fix) = Trisix)) + h{x) - {h{x)Y^ 

be a planar Dembowski-Ostrom polynomial in Fp2r. Let Li{x), L2{x), L^{x) 
and Li{x) be linear functions that are bijections on ¥p2r. 

If g'i^) = (Li ° g ° L2) {x) and h'{x) = (L3 o ft, o L4) (x) then 

fix) = Tr{g'{x)) + h'{x) - {h' {x)^ 

is also a planar function. 
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Proof The proof that f{x) is a planar function, Theorem [31 rehes on showing 
that the sets 

H^{{a,b)\DTr(g(.)){a,b)^0} 

and 

K ^ {{a,b)\ i:)^(^)_(,,(^))p-(a,&) = O} 
have no intersection for any a^b £ ¥p2r. 

Since Li{x), L^^x) are by definition permutations they have no roots other 
than zero [HI Lem 2.1]. Let 

H' = {{a,b) \ DL^oTr(g(x)){a,b) ^ 0} , then (9) 
= {ia,b)\LioDTrigi-,))ia,b) = 0} (10) 
= {ia,b)\DTrigi.^)ia,b) = 0} (11) 
=H. (12) 

Similarly 

K' = {{a,b) I £'L3{/i(a;)-(h{:r)K)(a,&) = 0} = K, 
hence Li{x) and -^3(3:;) do not affect the planarity of f'{x). Let 

H" = { (a, b) I DTr(g(L2(x))) («, &) = O} , 

K" = { (a, b) I -Dft(L4(x))-(/i(L4(a;)))p'^ O} . 

Since L2{x) and L^lx) are permutations on x, i?Tr(g(L9(2:)))(fl5 ^) = ^Tr(g(.T))('^i ^) 
and i:'/i(L4(x))-(/i(L4(x)))p'^(a;&) ^/i(x)-(/i(i;))p'- («, Thus i7" = and 
ii'" = K and ^2(2;), L4{x) have no effect on the planarity of f{x). 

Note that Theorem [HI includes the possibility that L2{x) = Li{x), and Li(a;) = 
i3(2;), in which case f{x) and f'{x) are CCZ-equivalent. However if Liix) 7^ 
i3(2;) or L2{x) 7^ £4(2;) then /(x) and f'{x) are may be CCZ-nonequivalent. 



3 Main Theorem 



The main theorem of this paper is two new planar functions. These planar 
functions fit the shape of Theorem [5] Throughout this section p will be used 
to represent an odd prime power. 

The following lemma is a statement of some of the facts from the proof of 
[SJ Thm 3.3] and will be used in the proof of the main theorem. 

Lemma 7 Let h{x) = cc^ +p S Fpn[a;] with < i < k. Then the following are 
equivalent: 

h{x) is planar. 
(m) Dh{x,a) for all x,a G F*„; 

3^ ^ ^ = — 1 has no solution in Fp.i ; 
1 



iv) 2\ 



P 



ged (p" - l,p 



k — i 



1) 



v) {bP'-P') 



is odd for any b e¥* 
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We are now ready to prove the main theorem, which we restate for clarity. 

Proof (Proof of Theorem]^!) Since fi{x) and f2{x) are DO polynomials, by 
Observation [5l fj{x) is planar if and only if Df. (x, a) 7^ for all x, a € F*2r- 

Case 1. Assume that fi{x) is not planar. Then there exist elements x, a € F*2r 
such that Df^{x,a) = 0. Thus, from Theorem there exists x, a € Fp2r 
such that Tr {Dg{x,a)) — and Dh{x,a) € Fpr. Since Dg(x,a) = 2xa and 
Dhix,a) ^xP'aP" + xp" aP\ 



2xa 

and 



(1 + (2xaf '-^^ = 2xa + (2xa)P'^ = (13) 



xP aP +xP aP e Fpr. (14) 

Since x and a are invcrtiblc, Equation p3p implies that (2xa)P = — 1 and 
therefore {xa)P ~^ ~ —1. 

Let F;,. <G < ¥*2. such that |G| = 2 |F;. | = 2 (p'' - 1). Note that 



G = |x G F^'- 



Let c = xa then c e G\F*r . From Equation ([TJ 



xP qP +xP aP = 'T-P «P InP -P 4- -P 



.P / r-P ^P rrP -P 



Since c e G\F;., the sum (c^ "P x^ +xP ~p) is contained in G\F;.. By 
Lemma [71 both cP'^^p^ and xp'"~p^ are of odd order. Let a e (cP^^p''^ such 
that = cP'-P*. Thus 

''-f'a-i) = cP'-P'xP'-f' +xP'-f' e G\F;.. 
Since a G G and |(q;)| is odd, a £ ¥*r. Hence 

(axP^-p" + xP'-P'a-^^ e G\F;,.. (15) 

Let w = axP'-p". From US]), uj+lj-'^ e G\¥*,. , = (uj+uj-'^ f e F;. 

and thus w^ + a;^-^ e Fpr. Since 1(^)1 is odd and lj + lj^^ e G\F*r, there exists 
an integer m > 1 such that uj^ +uj~^ € G\F*,. . Let m be the minimal such 
integer. Then w^'" ^ + w^^'" ^ e Fpr and 

w^" + cj^^'" = cj^'" + 2 + - 2 

GFp. 
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forming a contradiction. Hence there does not exist x, a G F*2r such that 
Df-^{x,a) ~ and hence /i(x) is a planar function. 

Case 2. Assume that f2{x) is not planar. Then there exist elements a;, a S 
F*2, such that Df^{x,a) = 0. Thus, from Theorem [H Tr (^xP^ aP" + xp" aP^^ = 

Tr{Dh{x,a)) = and 2xa = Dg{x,a) G F^.. By Lemma [71 xp' aP" + xp" aP^ = 
Dh{x,a) 7^ 0. Thus, since 

(^xP^P" + xP'aP^^ (^1 + (^xP^P" + xP'aP^ = Tr (x^'a^' + x^'af') = 0, 

xP^ aP' + xP' aP' e G\F;.. Since 

xP^ aP' + xP" qP^ = xP\P^ (af-P^ ^xP^-P^^ 

= cf [cP^'-p^p^-p" G g\f;. 

where c = xa G F*., the sum (^cp'' ~p\p' "p'' + xP^'^p'^ is contained in G\F*,.. 
Then using the same arguments as in the proof of case 1, there do not ex- 
ist any elements cP ^p and xP ^p of odd order with cP ^p G F*r such that 
cP''~P\P"~P^ +xP''^P" G G\F*r. Hence, there do not exist elements x,a e ¥*2r 
with Df^{x, a) = 0, meaning f2{x) is a planar function. 

To see that fi{x) and f2{x) are not equivalent, note that when restricting 
to the subfield ¥pr 

=2gix) and (16) 
f2{x)\w,r ^2h{x). (17) 

Hence, from [3J Prop 1], g{x) and h(x) are not equivalent. 

Two families of planar functions have been constructed. In the next section it 
is shown that they are new. First we show that for specific fields, the family 
/i contains several non-equivalent planar functions. 

Theorem 8 Let u{x) and v{x) be two planar functions of type fi{x) on F^r 
with r odd and p = 3 mod 4 such that 

u{x) = x" + x^P" + x^+P" - 



with j 7^ k, then u{x) is not CCZ equivalent to v{x). 
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This proof is long and is separated into several Lemmas. 

Let = —1 then i G Fp2r\Fpr. Thus every element in ¥p2r can be written 
uniquely as a + ib where a, 6 G Fpr . Let F*2 < G < F*2r be the unique 
subgroup with [G : ¥*r] ~ 2. Assume that u{x) = v{x) then there exist linear 
permutation polynomials 

2r-l 2r-l 

Li{x) = CgX^ and L2{x) = dgX^ 

s=0 s=0 

such that 

[Liof){x) = {hoL2){x). 

Let Cs = fls + ibs for some as^bs S Fpr . 

Note that since p'' = 3 (mod 4) and j is even, (og + ibs)^ = ag ~ ibs and 
(as + i&s)^^ = aP' + . Also note that the functions 

{v o L2){x) + (i. o L2)(xf " = ((2x2 + 2x''P^) o ia) (a;) (18) 

and 

{v o L2)(a;) - (wo L2){xY^ = ((2a-i+P' - 2a;(i+P')P'') o {x) (19) 

have terms whose exponents are of the form 2p^ or (1 + p^)p^ only. 
Lemma 9 For any < s < r one of the following is true: 

1) Cs = Os and Cs+r = ibs+r; 

2) Cg — ibs o,nd Cs+r — a,s+ri 

3) Cs+r = bs + ios; 

4) Cs+r = -bs - iOs- 

Proof From Equation ([T51) it follows that 4csCs+r+4cf c^_|_^ — (the coefficient 
of ^(i+pHp^^). Thus CsCs+r € G\Fpr- U {0}. But since 

CsCs+r = {as + ibs){as+r + ibs+r) (20) 
= {OsOs+r - bsbs+r) + i{asbs+r + Os+r&s), (21) 
flsfls+r = &s&s+r- (22) 

Furthermore, from Equation it follows that 2c^+2Cs+^r = 2c^^^+2c^p" (the 
coefficient of x^"^' is equal to the coefficient of x^''^ ''). Thus + c^^^ G Fpr. 
But since 

<?s + Cs+r = ("s + ibs)^ + (fls+r " ibs+rY (23) 

= (a^ - &2 ^ al^^ + + i(2as6s - los+rbs+r). (24) 

as6s = CLs+rbs+r- (25) 



From Equations ([22)) and ([25|) . it follows that one of the following must hold: 

i. &s = = as+r; 

ii. fls = = bs+r\ 

iii. Os+r = bs and bg+r = is! 

iv. as+r = — and bs+r ~ —ag. 
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Lemma 10 Let < s, t < 2r — 1 such that t — s is even. If t ~ s is not 
equivalent to 0, fc, or 2r— k modulo 2r — 1 then one of the following must hold: 

1) Cs = = Cs+r; 

2) Ct = = Ct+r; 

3) Cs+r = bs + ias and Ct+r bt + iot; 

4) Cs+r = -bs - ios and Ct+r = -bt - iat- 

Proof From Equation (|18p it follows that 

4CsCt + ^(?s+rdt+r = (26) 

(the coefficient of x^'^^*^). Likewise, 

AcsCt+r + 4c^+,cf = (27) 

(the coefficient of x'p'+p'^^). From Equations ^ and ^ it follows that 

{asat-bsbt)+i{bsat + asbt) = {-as+rOt+r + bs+rbt+r) + i{bs+rat+r + a-s+rbt+r) 

(28) 

and 

{asOt+r - bsbt+r) + i{bsat+r + asbt+r) = {-as+rat + bs+rbt)+i{bs+rat+as+rbt). 

(29) 

From Lemmaini there are four possible cases for the coefficients Cs and Cg+r and 
four possible cases for the coefficients ct and Ct+r giving us a total of 16 cases. 
Suppose that we are in case (1) for c^, and thus assume that 6s = = Os+r- 
Therefore, Equations (gHl) and tell us that 



QsOt 


= bs+rbt+r, 


Qsbt 


— bs+rO-t+r, 


dsCLt- 


hr — bs+rbt, 


a-sbt^ 


-r — bs+rO-t- 



It then follows that one of the following must hold: 

i. Cs = = Cs+r; 

ii. Ct = Ct+r; 

iii. fls+r = bs, bs+r = CLs, Ot+r = 6* , and bt+r = at; 

iv. Os+r ^ -bs, bs+r = "As, At+r = -bt, and bt+r = -dt- 

A mirrored argument shows the same conclusion for the cases where Cs is in 
case (2) or ct is in case (1) or (2) of Lemma|9l 

Now suppose that we are in cases (3) or (4) of Lemma [S] for both pairs 
Cs, Cs+r and Ct, Ct+r- If both are in case (3) or both are in case (4) then we are 
done. Otherwise, let Cs be in case (3) and Ct be in case (4). Then Equation 
(PS)) becomes 

(flsflt - bsbt) + i{bsat + Osbt) = {bsh - OsOt) - i{asbt + bsOt). 

Hence, OsOt — bsbt and Ogbt — ^bsOt- This then implies that b^ = — a^, alas 
bsyOs € Fpr, so the only solution is fes = = and hence Cs = Cs+r = 0. 
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A mirrored argument shows that Cg in ease (4) and ct in ease (3) yields cj = 

Ct+r = 0. 

Lemma 11 If either Cs or Cs+r is not zero then none of the following coeffi- 
cients are zero: 

■} Cs-\-r 1 ^s—j 1 Cs—j-\-r i ^s+j i Cs+j-\-r • 

Furthermore, either 

1) Cg+r = bs + ias, Cs-j+r = bg-j + ios-j, and Cs+j+r = bg+j + ias+j 



la 



s+j ■ 



^) Cg-^y' bg lOgj Cg^j^r bg—j lag—j and Cgj^jj^^f bg-^j 
Proof From Equation (|19p it follows that 

2cgd^ + 2c.+,ct, - 2c^;.cC - 2<,+.C-'+. = (30) 

(the eoefficient of a;*^^"''^^^^^). Likewise, 

2c,c^;, + 2cg+,^rct, - 2c?;.cr"- - 2c^^cC;+r = (31) 

(the eoefficient of x^^^p^^''^'^' ). Since either Cs ^ or Cg+r 0, by Lemma [TUl 

there are three eases to handle. 

Case 1. Cg+j = = c^+j+r and Cg-j = = Cg-j+r 

Case 2. Cg+r = bg + iog, Cg^j+r = bg-j + iug^j, and Cg+j+r = bg+j + iag+j 
Case 3. Cg+r = -bg~iag, Cg^j+r = -bg^j -iug-j and c^+j+r = -bg+j -iag+j. 

In case 1, Equations ([50)1 and (|5T|) lead to Ug = 0, bg = 0, Og+r ~ 0, and 
bg+r ~ forming a contradiction. 

In eases 2 and 3, neither Cg nor c^+r are zero. Plus, Equations (j30p and 
pip lead to the fact that Cg^j and Cg-j are not zero in order for Cg ^ 0. 

Proof (Proof of Theorem\^ Suppose Cg ^ 0. By Lemma[TT]cs_|_j 7^ 0, Cg^2j 7^ 0, 
and Cs+3j 7^ 0,....,Cs_j 7^ 0. From Equation [T51 it follows that 

Or - 2r^" r^"^' - 2r , r^' - 2rP" r^^^' 

(the coefficient of x^p is equal to the eoefficient of x^p ^ ). Thus 

CgCg_j — Cg_^^,Cg_j^^ 

and therefore CsC^l^- - c^4.rC^_^'^_^ G GXFpr U {0}. Since 

= {ag + ibg){aPj_j + ibf_.) - {ag+r - i6^+^)(a^l^.+^ - ^^^Ij+r) 
= (a, + ^bg)(cC, + - (±&. T ^a,)(±6t, T *«f_,) 

= (2a.at^. - 2bgbt,) ± *(2fo.at^. + 2a,&flj) 
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is contained in G\¥pT U {0}, 

asat,=hbt^. (32) 
Furthermore, from Equation (jl9[) it follows that 

(the coefficient oi x'^'^+p^^p'). Thus 

and therefore CsC^_j^^ + Cs+r<^^_j G Fpr. Since 

Cs(^s-j+r + Cs+rcf__^- = (a^ + i5,)(±6f_^. ± + (±6^ ± ias){af_^ + ibf_.) 

= ±(2a,5f_^. - 26,af_^.) ± z(2a,at, + 26,6^,) 

is contained in Fpr, 

asaf_j = -bsbf_y (33) 

Since Cs 7^ and Cs_j 7^ 0, from Equations ([5^ and it follows that either 
Cs = = or 6s = = Os-j. Hence, the coefficients Cs,Cs+j,Cs+2jT--,Cs-j 
alternate amongst the sets F*r and G\Fpr . But since r is odd and j is even, 
the set {cs, Cs+j, Cs+2j, Cs_j} contains an odd number of coefficients. There- 
fore, it is impossible for the coefficients Cg, Cs+j, Cs+2j, Cg-j to all be nonzero 
and at the same time alternate amongst the sets ¥*r and G\¥pr. So by con- 
tradiction, there does not exist a nonzero coefficient Cg. Thus L2{x) = and 
is not a permutation polynomial, and u{x) is not CCZ-equivalent to v{x). 

Theorem [T] shows two families of planar functions, and Theorem [5] shows 
that one of these families contains many CCZ-inequivalent planar functions. 
In the next section it is shown that these functions are in fact new. 



4 Non-equivalence with known functions 

To determine if these planar functions arc new, a check for CCZ-equivalence 
is required. There are seven families of planar functions that are on fields of 
any odd characteristic [2] . Each of these must be checked for equivalence with 
fi{x) and f2{x). Note that if two functions are CCZ-equivalent, then they are 
CCZ-equivalent on any subfield. 

Each of the proofs in this section make use of permutation polynomials 

2r~l 

Li{x) — CjX^' and L2{x) 



E 

3=0 



Lemma 12 The functions fi{x) and f2{x) are not CCZ-equivalent to x^ . 
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Proof Equation (|17D shows that /2(a;) is not equivalent to x^. 

Assume that /i is CCZ-equivalent to x^. Note that since h{x) = ^^'^ 
is planar, k — i^r (mod 2r). If fi{x) is CCZ-equivalcnt to then there exist 
permutation polynomials such that {Li{x))'^ = L2{fi{x)). Note that 

2r-l 

(Li(x))2 = c-^'''' + E 2c,QxP'+f' (34) 

j=0 0<j<l<2r 

and 

i2(/l(x)) = 

Since k~ i ^ r (mod 27-), 2cjCj+r = for all < j < r. So for every < j < r 
either cj = or Cj^r = 0. Furthermore, c| ~ {dj + djj^r) — '^'j+r ^'^^ 
< j < r. Hence, Cj = Cj+r = for any < j < r and Li{x) = 0. Since ii(a;) 
is not a permutation polynomial, fi(x) is not CCZ-equivalent to x^ . 

Lemma 13 The Junctions fi{x) and f2{x) are not equivalent to the planar 
functions derived from the Dickson semifields. 

Proof The planar functions derived from the Dickson semifields in ¥p2r are [3] 

where a is a non-square, /? € Fp2r \ Fpr and < m < 2r. 

Note that d{x)\rpr = x^ and therefore f2{x) is not CCZ-equivalent to d{x). 

Suppose that fi{x) is equivalent to d{x). Thus there exist linear permuta- 
tion polynomials Li{x),L2{x) S Fp2r[x] such that (/i o Li){x) — {L2 o d){x). 
Note that 




2xP''+^+x^)Y ^^fix^P^'+xP^+^-x^) 



Inspecting the various powers of x in (L2 ° d) [x) we find that only powers of 
the form 2p" or (p''+" for some < 71 < 2r are present. 

Case 1. Suppose that there exists only one < s < t' such that {cs^Cg+r} 7^ 
{0}. Then 

(/ioLi)(x)-(/ioLi)(x)P'' = 

— 9 Lp''+P'-r(p''+P')P" -I- r^''°+'''T(p'°+P')P°^'' -I- rP'^rP' t(p'°+p'^'')p° 

I ^p' J>'' ^{p''+p"^")p"'^"_ „(p''+p")p"Ap''+p')p"^"_ Jp'°+p')p"Ap''+p'-)p' 
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Since none of the exponents of the terms in Equation (|55|) are of the form 2p" 
or (/i o Li){x) - ifi o Li){x)P'' = 0. Therefore, since Li{x) is a 

permutation polynomial, /i(a;) — fi{xY — forming a contradiction. 

Case 2. Suppose that there exist at least two values o < s < t < r such that 
{cs,Cs+,.} 7^ {0} and {ct,ct+r} ^ {0}. Since the coefficients of +^ and 
xP"+P " in (/^ o Li){x) + (/i o Li){xY" are AcsCt + 4c^+rcf+r and 4csCt+r + 
4c^_i_^c^ respectively, 

CsCt + c^+rcf+r = (36) 

and 

CsCt+r + (?s+r<^t = 0- 

Hence, c^, c^+r, Ct+r € I^p2r- Now let as, at £ F*2r such that c^+r = o,sCs and 
cf_|_r = atCj. From Equation CjCt + asatCsC( = and therefore asOt = — 1. 
Likewise, if there exists a third value Q < I < r such that {ce,Ci+r} 7^ {0} 
then there exists ai G F*2r such that a^a^ = — 1, atag = — 1, and a^at = — 1. 
Since this is not possible, Cs, Cg+r, Ct and ct+r are the only non-zero coefficients 
of Li{x). Also note that if as+r,at+r G F*2r such that cf = a^+rCs+r and 

= at+rCt+r then as+rO* = —1 and Qgat+r ~ —1- Hence, a^+r = is and 

at+r = Oj. 

Now note that 
Li(x)f'+P" = 

= {CsXP' + CtxP' + Cs+rX^^^'' + cP'^^ f" {CsXP^ + CtxP* + Cs+rXP^'^'' + 4'+'^.' 
^ rP*" rP\'-P''+P''^P" 4~ rP"" rP' T-iP*' +P")P''^" nP*' rP" ^(p'°+p' + '')p° 
j^rP" cP't^P^+p'^^^p"^^ A-rP''rP\^P''+P'^P' A-rP" pP' ^ip" +P')p''^'' 

+ c^" c^l^x'-P''+P'^''^P* + c^l^cf x''P'°+P'^''^P*^''+ cf cf x'-P''^P"^'~'^P' 

,y y ^(p'+p'+'"=)p=+^_„p>' Ap''+p'+'-''+'')p%y j'V(p'=+p'+'-=+'')p=+'- 

+ 4';,cfx(f'°+^''^^^'^^)f'^\ (37) 

In order for (/i o £i)(a;) — (/i o Li)(a;)^ 7^ 0, at least one of the terms in 
Equation ([57]) must have an exponent of the form 2p" or (p''+" Thus 
s — t G {±(fc — «)i iC'^ ^ *) + Note that the only way for Equation ((37|) 
to be a sum of less than 16 terms is if s — t = <:— s + r. But if this is true 
then 2(s — t) ~ r and therefore 2(fc — i) = r forming a contradiction. Hence, 
Li{x)P '^P is a sum of exactly 16 terms. 
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Since Qgat — —1 and (/i o Li)(x) — (/i o Li){xY only contains terms with 
exponents of the form 2p" or 



-2icP -c: 



= 2(l-afaf)cfcfx(^^+^'"'^=)^= +2(l-afaf )c^;,cf;,x(P^+^'"'-=)^^"'^ 
+ 2(l-afaf)cfc?;.x(P^+^'"'-^"^)^+2(l-afaf)ci.c?x(^^+^'"'-^^^)-^^^ 

= 2(l + af-')cfcra:(^^+^'"'-^)^^ +2(1 + af -)c?;,cC..(-^+^"'"")^""^ 
+ 2(1 + af -')cf cf;.x(P^+P'"'-^"^)P +2(1 + af -')c^:,crx(P^+P'"'-^"^)^^"' 
+ 2(1 + at )4''ctx^^"+^'*'~"^^' +2(1 + af "'')c?;,c^;,x(^'''+f*^^"')P*^^ 

+2(1 + ar-^)cr c^;..(^^>^'^-'^^)^ +2(1 + ar-^)c?:.cr.(^^~+^"=-^ 



(38) 



Since 1 + af = if and only if 1 + =0, Equation (j38p is either zero 
or a sum of exactly 8 terms. But it is impossible for all 8 of the terms to have 
exponents of the form 2p" or Hence. {fioLi){x) — {fioLi){xY = 

and thus fi{x) — fi{x)P = forming a contradiction. 

Lemma 14 The functions f2{x) is not CCZ-equivalent to x^ The func- 
tion fi{x) is not CCZ-equivalent to x^ on Fp2r where 2r/gcd(2r, m) odd. 

Proof Equation (|16p shows that fi{x) is not equivalent to x^"^^^. 

Assume that f2{x) is CCZ-equivalent to xP'"+\ Since h{x) = x^'^p '+1) G 
Fp2r[x] is planar, k — i^ r (mod 2r). If f2{x) and 2;^"+-^ are CCZ-equivalent 
then there exist permutation polynomials Li(x) and ^2(2;) such that 



{L^{x)Y ^ L2{f2{x)). 
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Here 

2r-l 



= Y^{d,+d,+r)(x^P'+P"^P' + X^P'+P"^P'^'')+id,-d,+r) 



3=0 

and 



Let 



and 



\i=o 

2r-l 

j=0 0<j<£<2r 

+ ^"c^xP^^'+f'. (39) 

0<i<£<2r 

5*1 = {p^ + (mod p^'- - 1) I j e Z, < J < 2r} , 
^•2 = {p' + (mod p^'- -l)\j,iel^,0<j<e< 2r} , 



Since m^r (mod 2r) , 1 5i | = 2r and | S'a | = | | = ( ^J' ) . Moreover, | n 5*2 1 



53 = + (mod _ 1) I ^ e z, < J < £ < 2r} 

2r 

l^in^al = l^an^sl = 0. 

Since m ^ r (mod 2r), for every < J < ^ < 2r, either j ^ k ^ i + i (mod 
2r) or £^k — i+j (mod 2r) meaning either +P or xP +P is not 
CCZ-equivalent to x^. Therefore, for all < .7 < ^ < 2r, either CjC^ = 

or Q = and thus either Cj = or = 0. So there exists at most one 
integer, say t, such that <t < 2r and Ct 7^ 0. Hence, 



X](rf, + d,+r-) [x^P'+P'^P" + X^P'+P'^P'^^) + id, d,+r) {x^'' 



3=0 



(40) 



If /s — 1 7^ m, then Equation (j40p has no solution and non-equivalence is 
shown. Assume k — i = m, then 2(c?j — dj^r) = for all < j < r, (the 
coefficient of x'^p'). This then implies that dt ~ dt+r- Next 2{dt + dt+r) = 
(the coefficients of x'^p '^^^p ), hence cf = Adt- Rewriting Equation 

dini) 

cP'"+i^(p'"+i)p' ^ 4dt(x(f'"+i)f* + xff^+i^f'^") (41) 
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we see that equality holds if and only if Cf = df = 0. Hence Li{x) is not a 
permutation polynomial meaning f2ix) is not CCZ-equivalent to 

Lemma 15 The functions fi{x) and f2{x) are not CCZ-equivalent to 

f„{x)=xP'+'-aP'-^xP''+P'^' 

over ¥pit where a G Fp4f \ Fp2t , p*' = = 1 [mod 4), and 2t/gcd{s, 2t) is odd. 

Proof Since fi{x) and f2{x) are planar over ¥p2r for any r, whereas fvi{x) 
requires r to be even with 4t — 2r, fi{x) and f2{x) are not equivalent to 

fvi (^) ■ 

Theorem 16 The function f2{x) is not equivalent to any generalized Budagh- 
yan-Helleseth function. 

The generalized Budaghyan-Helleseth planar functions on Fp2r are of the form 

B{x) = xP''+^ + w/3.tP°+i + ujpP"x^P^+^'>P^ (42) 

where Tr{u!) = 0, 13^ is not in the subgroup of order (p^ + l)/gcd(p'' + 
IjP" + 1), and x^" ^ -x for all x e F*2,. 

Observation 17 Note that the generalized Budaghyan-Helleseth functions can 
be written as 

B{x) = xf'^+i + w/3.tP°+i - (lo(3x^p^+^^Y 
since Tr{uj) = 0. Thus B{x) + B(.t)p'^ = 2xP^+K 

Proof (Proof of Theorem\16\) Suppose that f2{x) G Fp2r[a;] is equivalent to a 
generalized Budaghyan-Helleseth function, thus there exist linear permutation 
polynomials Li{x) and L2{x) such that 

B{L^{x))=L2{f2{x)). 

Thus, 

B{L,{x)) + B{L^{x)Y'' = L2(/2(.t)) + L2{f2{x)Y'' (43) 

for any x G F^''. By comparing the coefficients of x'^^ for < n < r in 
Equation (|43)) it follows that 

2c„cf+, = (d„ - d„+,) - {dn ' dn+rV" G G\F;. U {0} 

where F*^ < G < F*2,. is the unique subgroup with [G : F*r] = 2. Let a„ = 

2c„<;, G g\f;. U {0}. 

Now by comparing the coefficients of x^^ "'"^^^ for < n < r in Equation 
(|43| it follows that 

Or rP^ -\-0r , (^"^ — 
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Thus c„ if and only if Cn+r — 0. Since Li{x) ^ 0, there exists an integer 
< n < r such that c„ 7^ and therefore a„ 7^ 0. 

2c„cf + 2c„+,c^+,, = (44) 
=^ 2c„cf;+,, (2c„cf;+,)'' + (2c„+,cf;+,)' = (45) 

=^ a„-<: + (2c^;V)' = (46) 

=^ -al + (2cf_+,^) ^ = since a„ e GXF;. 

(47) 

^ (2cf:+,i)' = «^ (48) 

=^ 2^„;+; = ±a„. (49) 

But 2cJJ^^ € F*r and a„ G GXF*,-. Hence, by contradiction, 72(2;) is not 
equivalent to B{x). 

Theorem 18 // r is odd and p = 3 [mod 4) then fi{x) G Fp2r[a;] is not 
equivalent to any generalized Budaghyan-Helleseth function. 

Proof Suppose that /i (x) G Fp2r [x] is equivalent to a generalized Budaghyan- 
Helleseth function. Thus, there exist linear permutation polynomials Li(x) 
and L2{x) such that 

B{L^{x)) = L2{fi{x)). 

Therefore 

i?(Li(x)) + B{L^{x)Y'' = L2Ui{x)) + L2{fi{x)f (50) 

for any x G F^*". By comparing the coefficients of x^^" for < n < r in 
Equation ([50]) it follows that 

2Cn(fn+r = Tr{dn + d„+r) € Fpr . 

Let a„ = 2c„cfj^^ G Fpr. 

By comparing the coefficients of cc'^^ for < n < r in Equation ([50]) 

it follows that 

2c7iC^ 2c7i_(_7-c^_[_^ — 0. 

Thus c„ = if and only if c„+r = 0. Since Li{x) 7^ 0, there exists an integer 
< n < r such that c„ ^ and therefore a„ 7^ 0. Then using the same 
arguments as Equations (|44j|49p it follow that 

Since 2c^^^ G F*,- and a„ G F*^ , it is required that V-l" e F*^ . But p=i 
(mod 4) and r is odd meaning ^ F*r . Hence, by contradiction, /i (x) is 

not equivalent to B{x). 
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Theorem 19 // either r is even or p ^ 1 (mod 4) then fi{x) £ Fp2r [a;] is 
equivalent to a generalized Budaghyan-Helleseth function. 



Proof Note that since either r is even or p = 1 (mod 4), -\/— 1 £ ¥pr and 
thus V— 1 f = y/—!. Also note that since k — i is even, '^'^ = — 1 and 

k i ^ 

V— l** = \/— 1^ . Thus if Li{x) is of the form cqx + Ic^ a^'' then 



Case 1. Suppose i = 0. Let Li{x) = cqx+x/— Icq x'' and L2{x) = — } ^^^,1 x. 

4\/— ICq 

Then 

L2{f,{L,{x))) = x^"+' + f^x^'+' - ( f^x^'A . 



2V-1 \2V-1 

Case 2. Suppose i = r. Let Li{x) — cqx+V— ICg a;^ and L2{x) — — } pi ' 4.i x^ 

Then 



LML,{x))) = x^^+i + ^i^x^^'^^+i - (^T^^^ 



Case 5. Suppose i ^ {0,r}. Let = cqx + Icq a:^ and L2{x) = 

—x^ +d2r-iX^ ~'d2r-ixP where d2r-i G IFp"^ • Thcu 



i2(/i(Li(x))) = + 4cg""+id2._.xP''"*+i - (4cg""+id2._.xP''"-+i)''^ . 

Lemma 20 and f2{x) are not equivalent to the Bierbrauer function 

(Theorem^. 

Proof Inspection of the functions over the subfield Fpr shows that the Bier- 
brauer function is not equivalent to f2{x). Note that the Bierbrauer function 
is only planar when r is odd. From Theorem [SI the family /i contains several 
nonequivalent planar functions on fields where r is odd, p = 3 (mod 4) and 
> 3. Hence, on these fields at least some of the functions on family /i are 
non-equivalent to the Bierbrauer function. 

The following theorem then follows from Lemmas [T^] through [201 

Theorem 21 If fi{x), f2{x) E ¥p2r[x] are as stated in Theorem[I\ then 

— fi{x) is not equivalent to any known planar function over ¥p2r when p = 

3 (mod 4) and r is odd; 
^ f2{x) is not equivalent to any known planar function. 
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5 Other possible planar functions of the general form 

This paper is concluded by some results that point out certain conditions that 
must hold amongst the polynomials g(x),h(x) G Fp2r[2:] in order for 

fix) = g{x) + ig{x)f + h{x) - {h{x)f 
to be a planar function. 
Lemma 22 The equality 

rajn 
fe=l 

holds if and only if n divides m and m/n is odd. 

Corollary 23 Let g{x) = x'^''^^' and h{x) = x'p^^'p* he polynomials on F^n 
with i > j and s > t. Then Dg{x, a) divides Dh{x, a) if and only if i — j divides 
s ~ t and (s — t)/{i — j) is odd. 

Theorem 24 Let g{x), h{x) G¥p2r[x] such that Dh{x,a)\Dg{x,a). If g{x) is 
not a planar function then f{x) as described in Theorem [H is not a planar 
function. 

Proof Because g{x) is not planar, there exist y,b & Wp2r such that Dg{y, b) = 0. 
The divisibility conditions then implies that Dfi{y, b) = 0. Hence Df{y,b) = 
implying that / is not planar. 

The conditions on divisibility given by Corollary [221 imply the following. 

Corollary 25 Let g{x) = x^ and h{x) = x^ '^p be polynomials on ¥pn 
with i > j and s > t and {s — t)/{i~j) is an odd integer, then f{x) as described 
in Theorem is not a planar function. 

Theorem 26 Let g{x),h{x) € ¥p2r[x], with g{x) = xp'+p" and h{x) = xP^'+p' 
where < i < k < 2r and < s < t < 2r. If f{x) = g{x) + (.9(2;))''' + h{x) - 
{h{x)Y then, depending on whether r,k — i and t ~ s are odd or even, the 
following table indicates when f{x) can possibly be planar. 



r 


k — i 


t- s 


fix) 


Odd 


Even 


Odd 


Not Planar 


Odd 


Odd 


Odd 


Odd 


Even 


Even 


Possibly Planar 


Odd 


Odd 


Even 


Even 


Even 


Even 


Even 


Even 


Odd 


Even 


Odd 


Even 


Not Planar 


Even 


Odd 


Odd 



Namely, if f{x) is planar then either r is odd and t — s is even or r is even 
and k — i is even. 
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Proof Note that if f{x) is planar over ¥p2r then it is also planar over the field 
Fp2. Here f{x) restricted to the subfield Fp2 is: 



' X2 + 


if 


r 


is 


odd, k — 


i is even and t - 


- s is odd; 




if 


r 


is 


odd, k — 


i is odd and t — 


s is odd; 




if 


r 


is 


odd, k — 


i is odd and t — 


s is even; 




if 


r 


is 


odd, k — 


i is even and t - 


- s is even; 




if 


r 


is 


even, k ~ 


- i is even and t 


- s is odd; 




if 


r 


is 


even, k - 


- i is even and t 


- s is even; 


2a;P+i 


if 


r 


is 


even, k - 


- i is odd and t - 


' s is even; 


2a;P+i 


if 


r 


is 


even, k - 


- i is odd and t - 


- s is odd. 



However, over the field Fp2, x'^ + x^^ = Tr (a;^) and is therefore not planar. 
Likewise, by [T3], the monomial x^^^ is not planar over the field Fp2. Hence, 
if /(x) is planar then either r is odd and t — s is even or r is even and A; — i is 
even. 

Theorems [1] and [24] can then be summarized by the following theorem. 
Theorem 27 Let 

fix) = g{x) + {g{x)r + h{x) ~ {h{x)Y'' 

with f(x),g{x),h(x) G Fp2r[a;]. Suppose g{x) — x"^ and h{x) is a Dembowski- 
Ostrom polynomial. If f{x) is a planar polynomial, then h{x) is also a planar 
polynomial. If h{x) is a monomial, then f{x) is a planar polynomial if and 
only if h{x) is a planar monomial. 

6 Conclusion 

Two new classes of planar functions have been demonstrated. Below is a new 
list of known planar functions which occur in fields of arbitrary odd charac- 
teristic, as updated from [2]. 

1. x2; 

2. The planar functions derived from the Dickson semifields pi3][5]: 

3. x^ '^^ on Fpr with r/gcd(r, to) is odd [TT) : 

4. a;P°+^ -aP'-^ccP^+P*^' over Fp4t where a e ¥ pit\¥ pit , = p* = 1 (mod 4), 
and 2</gcd(s,2i) is odd [J; 

5. x^ +^ — ~^xP '^P ^ over Fpst where a is primitive, gcd(3, t) = 1, t — s = 
(mod 3), 3t/gcd(s,3i) is odd [20]; 

6. The generalized Budaghyan-Helleseth functions [1][1]; 

7. The functions of Theorem [J] [2] ; 

8. x'^ + x'^P^ + ^(P^+i)^' - 2;(P'"+1)P'""' over Fp2. where 2r/gcd(2r, m) is odd 
(/i(a;) of Theorem [U; 

9. and .xfp^+i'p' + a;(p"+i)p'^" + - x^p" over Fp2. where 2r/gcd(2r,TO) is 
odd {f2{x) of Theorem [T]). 
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In addition to the two new planar functions, a more general construction 
of planar functions has been shown on Vp2r . This construction method can be 
used to construct the two new functions as well as a recently discovered family 
of planar functions 

New planar functions are of theoretical and practical interest. Thus the 
construction method is of interest to generate new planar functions. There 
are many other possibilities for the seed functions of the construction. In 
particular, nothing as yet rules out the use of seed functions which are not 
Dembowski-Ostrom polynomials. 

Acknowledgements Thanks to Asha Rao for helpful advice. 
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